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Blackjack card counting

Are they counting?

Yep Nope

Input: (a;,b;)i=1....m € Ax{—=1,1} - the set of observations.
Output: some prediction function h(a, z) that belongs to some specific class.
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Empirical Risk Minimization

Loss function: represents the

dlfference between two arguments. .. .
Learning is a compromise between

— lexit
afglerTlL — ZE bz, h(a;,x)) accuracy and complexity

f(fL‘)



ML as an Optimization Problem

Structural Risk Minimization

Loss function: represents the
dlfference between two arguments.

mm—Zf bz,h a;,z))+r(z)
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f(l‘)

UCA

Université
Grenoble Alpes



ML as an Optimization Problem

Structural Risk Minimization

Smooth convex.

mm—Zf bz,h a;, T (V)

zER™ M A~
f (w)

_ Convex, non-smooth.

UCA

Université
Grenoble Alpes



ML as an Optimization Problem

Structural Risk Minimization

Smooth convex.

mm—Zf bz,h a;, T (V)

zER™ M A~
f (w)

Why non smoothness?

_ Convex, non-smooth.

UCA

Université
Grenoble Alpes



UCA

ML as an Optimization Problem Université

Grenoble Alpes

Structural Risk Minimization

Smooth convex.

mm—ZE bz,h a;,z))+r(z)

zeR™ M V\
_ Convex, non-smooth.

f(fL‘)

Why non smoothness? To enforce some structure of the optimal solution.
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Structural Risk Minimization

min — ZE bi, h(a;,x))+r(x)

reER™ M

4

£(@)
Why non smoothness?  Toenforce some structure of the optimal solution.

Sparse solution = || - |1,

e.g. feature selection problems

! Samuel Vaiter et al. Model selection with low complexity priors. Information and Inference: A
Journal of the IMA 4.3 (2015): 230-287.

_9.
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Structural Risk Minimization

min — ZE bi, h(a;,x))+r(x)

reER™ M

4

£(@)
Why non smoothness?  Toenforce some structure of the optimal solution.

Sparse solution = - |1, Fixed variation r = Z |Ti1 — x4

e.g. feature selection problems e.g. signal processing

! Samuel Vaiter et al. Model selection with low complexity priors. Information and Inference: A
Journal of the IMA 4.3 (2015): 230-287.

_9.
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where f is L-smooth and convex, and r is convex, l.s.c.

Proximal operator

, 1
prox,(y) = arguin { r(a) + 3 o ~ 13 }.
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Let us consider a composite optimization problem

min f(z) +r(z),

where f is L-smooth and convex, and r is convex, l.s.c.

Proximal operator

, 1
prox,(y) = arguin { r(a) + 3 o ~ 13 }.
recR™

This operator is well defined for convex r and has a closed form solution for
relatively simple r.
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Let us consider a composite optimization problem

min f(z) +r(z),

where f is L-smooth and convex, and r is convex, l.s.c.

Proximal operator

prox,.(y) = argmin {r(az) + §||x — y||g} . /

This operator is well defined for convex r and has a closed form solution for
relatively simple r.
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where f is L-smooth and convex, and r is convex, l.s.c.

Proximal gradient descent
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Let us consider a composite optimization problem

min f(z) +r(z),

where f is L-smooth and convex, and r is convex, l.s.c.

Proximal gradient descent

Stepl oF = F — YV £ () forward (gradient) step.

k+1

Step2 =z = proxw(yk) backward (proximal) step.

1 R Tyrrell Rockafellar. Monotone operators and the proximal point algorithm.

SIAM journal on control and optimization, 14(5):877-898, 1976.
-3.-
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Synthetic LASSO problem min 1||Az — b||3 + A1 ]|z||; for random generated
matrix A € R100x100 and vector b € R and hyperparameter \; chosen to
reach 8% of density (amount of non-zero coordinates) of the final solution.
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Sparsity vector

Let M = {M;j,...,M,,} be a family of subspaces of R™ with m elements.
We define the sparsity vector on M for point x € R™ as the {0, 1}-valued vector
Sm(x) € {0,1}™ verifying
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(Sm(@))y; =0 if x € M; and 1 elsewhere.
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The collection M = { M, }1<i<y is the set
of subspaces M; with supp(x) = [n] \ {i}
for all x € M,.
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Theorem (Enlarged identification) The collection M = {M;}1<i<, is the set

Let (u*) be an R™-valued sequence converging almost surely to u* and define of subspaces M; with supp(x) = [n] \ {i}
sequence (z") as z¥ = prox,,.(u”) and 2* = prox_,.(u*). Then (z*) identifies for all x € M,.
some subspaces with probability one; more precisely for any € > 0, with proba-
bility one, after some finite time,

Sparsity vector

Let M = {M;j,...,M,,} be a family of subspaces of R™ with m elements.
We define the sparsity vector on M for point x € R™ as the {0, 1}-valued vector
Sm(x) € {0,1}™ verifying
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40 A

o

Coordinates in the support

20 4

o

o
L

(Sm(@))y; =0 if x € M; and 1 elsewhere.

Sm(z*) < Sp(zF) < max{SM(proxw(u)):uEB(u*,&)}.

7% Franck lutzeler and Jérome Malick. Nonsmoothness in Machine Learning: specific structure, proximal
identification, and applications. Set-Valued and Variational Analysis (2020): 1-18.
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Let M = {M;j,...,M,,} be a family of subspaces of R™ with m elements.
We define the sparsity vector on M for point x € R™ as the {0, 1}-valued vector
Sm(x) € {0,1}™ verifying
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o
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o

Coordinates in the support
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o

o
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(Sm(@))y; =0 if x € M; and 1 elsewhere.

Theorem (Enlarged identification) The collection M = {M;}1<i<, is the set
Let (u*) be an R™-valued sequence converging almost surely to u* and define of subspaces M; with supp(x) = [n] \ {i}
sequence (z") as z¥ = prox,,.(u”) and 2* = prox_,.(u*). Then (z*) identifies for all x € M,;.
some subspaces with probability one; more precisely for any € > 0, with proba-
bility one, after some finite time, supp(sc*) C Supp( k)
Sm(z*) < Sp(zF) < max{SM(proxw(u)): u € B(u*,e)}. C  max {Supp(prOX ~(u ))} .

u€B(u*,e)

7% Franck lutzeler and Jérome Malick. Nonsmoothness in Machine Learning: specific structure, proximal
identification, and applications. Set-Valued and Variational Analysis (2020): 1-18.
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Sparsity vector 5 m
2 601
Let M = {M;j,...,M,,} be a family of subspaces of R™ with m elements. £
We define the sparsity vector on M for point x € R™ as the {0, 1}-valued vector § 0
Sm(x) € {0,1}™ verifying E 20
(Sm(@))y; =0 if x € M; and 1 elsewhere. 0
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Iterations
Theorem (Enlarged identification) The collection M = {M;}1<i<, is the set
Let (u*) be an R™-valued sequence converging almost surely to u* and define of subspaces M; with supp(x) = [n] \ {i}
sequence (z") as z¥ = prox,,.(u”) and 2* = prox_,.(u*). Then (z*) identifies for all x € M,.
some subspaces with probability one; more precisely for any € > 0, with proba-
bility one, after some finite time, supp(sc*) C supp( k)
Sm(z*) < Sp(zF) < max{SM(proxw(u)): u € B(u*,e)}. C  max {Supp(prOX ~(u ))} .

u€B(u*,e)

The same = verifies QC.

7% Franck lutzeler and Jérome Malick. Nonsmoothness in Machine Learning: specific structure, proximal
identification, and applications. Set-Valued and Variational Analysis (2020): 1-18.
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— Automatic dimension reduction
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— Automatic dimension reduction

! Dmitry Grishchenko, Franck lutzeler, and Jérome Malick. Proximal gradient methods with
adaptive subspace sampling. Mathematics of Operations Research, 2020.

In this part we consider a composite optimization problem

min f(z) +r(z),

where f is L-smooth and p-strongly convex, and r is convex, 1.s.c. and prox-easy.

_6-
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Full gradient computation is expensive.

Coordinate descent methods is a class of iterative methods in which only one coordinate
(block) is updated on every iteration.

Example 1 (smooth).
= ok — AV f (@)

Example 2 (separable regularizer).
r(x) = Z"“z'(-’ﬁ[i]) = Pprox.,.(z)n = prox.,. ()

x@j]l < Prox,, (xﬁ,k] — ’Yv[ik]f(xk))
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Full gradient computation is expensive.

Coordinate descent methods is a class of iterative methods in which only one coordinate
(block) is updated on every iteration.

Example 1 (smooth). Example 2 (separable regularizer).
Bl _ ko | &
x i Y f(x)[’bk] 74(33) p— Z’]"Z‘ (.I'[,L}) = pI'OXWn ('r)[z] — prOX’y?“i (x[z])
i=1
x@j]l < Prox,, (xﬁ,k] — ’Yv[ik]f(xk))

Drawback: explicit use of the separability of the regularizer.

Peter Richtarik and Martin Takac. /teration complexity of randomized block-coordinate descent
methods for minimizing a composite function. Mathematical Programming 144.1-2 (2014): 1-38.

. o
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What if the regularizer is not separable? c.g r=3"""|ziy1 — =i

1 Olivier Fercoq and Pascal Bianchi. A coordinate-descent primal-dual algorithm with large step size and
 possibly nonseparable functions. SIAM Journal on Optimization 29.1 (2019): 100-134.
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What if the regularizer is not separable? c.g r=3"""|ziy1 — =i

xﬁf]l < prox > = [ik]f(a:k)>
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What if the regularizer is not separable? e.g =377 |z;11 — x4

ZCk+1 — pI'OX,YTz_k_ (mlﬁk] — VV[Zk]f(xk)) + [xk]gk
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What if the reqularizer is not separable?  e.g. v =377 |z:11 — 2.

"t =prox.,. ([v*].. + [ ']4) .
AN /1
where y* = ¥ — WVf(ZUk)- o g

Two orthogonal projections
onto orthogonal spaces!

In this reformulation the separability is not required!
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What if the regularizer is not separable? c.g r=3"""|ziy1 — =i

gl = prox.,. (P (v*) + (I - P) (y* 1)),

where y* = 28 — 4V f(zF).

In this reformulation the separability is not required!

General orthogonal projections are used!

Does it work like this?
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Select an orthogonal projection onto the C; with probability ﬁ Vi € [2,n] and
0 for the 1-st.



Examples: Subspaces UUCE/A\

Grenoble Alpes

Example 3.
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Select an orthogonal projection onto the C; with probability ﬁ Vi € [2,n] and
0 for the 1-st.

Does not work if the first coordinates of the starting and the optimal point
are different.
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Example 3.

Let us consider the set of subspaces C; such that C; is i-th coordinate line.
Select an orthogonal projection onto the C; with probability ﬁ Vi € [2,n] and
0 for the 1-st.

Does not work if the first coordinates of the starting and the optimal point
are different.

Covering family of subspaces

Let C = {C;}; be a family of subspaces of R"™. We say that C is covering if
it spans the whole space, i.e. if > . C; = R".
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Let C be a covering family of subspaces of R™. A selection G is defined from
the set of all subsets of C to the set of the subspaces of R™ as

Sw) =) C for w = {Ci,,...,C;.}.
j=1

The selection & is admissible if Plx € &1] < 1 for all x € R™ \ {0}.

-10 -
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Let C be a covering family of subspaces of R™. A selection G is defined from
the set of all subsets of C to the set of the subspaces of R™ as

Sw) =) C for w = {C;,,...,Ci.}.
j=1
The selection & is admissible if Plx € &1] < 1 for all x € R™ \ {0}.

If a selection & is admissible then P := E|Pg] is a positive definite matrix.

In this case, we denote by Apnin(P) > 0 and Apax(P) < 1 its minimal and
maximal eigenvalues.

-10 -
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Algorithm 1 Randomized Proximal Subspace Descent - RPSD

. Input: Q =P~ 3
. Initialize 2%, ! = prOX,YT(Q_l(ZO))
: for k=1,...do

1
2
3
s yf =Q(aF — AV ()
5
6
7

2% = Pgr (y*) + (I — Per) (2°71)
P = prox,, (@1 (24))
. end for
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Assumption (on randomness)

Given a covering family C = {C;} of subspaces, we consider a sequence
S, &2, .., 6% of admissible selections, which is i.i.d.
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Assumption (on randomness)

Given a covering family C = {C;} of subspaces, we consider a sequence
S, &2, .., 6% of admissible selections, which is i.i.d.

Theorem (Convergence of RPSD)

For any v € (0,2/(p+L)], the sequence (x*) of the iterates of RPSD converges
almost surely to the minimizer x* with rate

k
K [||:z:"“+“L — :z:*H%] < (1 — )\min(P)M) C,
- w+ L

where C' = Apax(P)||2Y — Q(z* — 4V f(z*))]]5.

-12 -
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Consider the set of subspaces C; such that C; is ¢-th coordinate line. Consider
the selection & such that P[C; € &] = p; > 0, then Ay, (P) = min; p; > 0.

Theorem (Convergence of RPSD)

For any v € (0,2/(p+L)], the sequence (x*) of the iterates of RPSD converges
almost surely to the minimizer x* with rate

k
K [||:z:"“+“L — :z:*H%] < (1 — )\min(P)M) C,
- w+ L

where C' = Apax(P)||2Y — Q(z* — 4V f(z*))]]5.

-12 -
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Lemmal

From the minimizer z*, define the fixed points z* = y* = Q (z* — yV f (z*))
of the sequences (y*) and (2*). Then

E[ll2" — 22| 7" = 1570 = 2l + lly® = y*lle — 12" = 27IIB,

where F* = o({G,},<k) is the filtration of the past random subspaces.

2k = Pai (yk) + (I — Pgr) (zk_l)

-13 -
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Lemmal

From the minimizer z*, define the fixed points z* = y* = Q (z* — yV f (z*))
of the sequences (y*) and (2*). Then

E[ll2" — 22| 7" = 1570 = 2l + lly® = y*lle — 12" = 27IIB,

where F* = o({G,},<k) is the filtration of the past random subspaces.

Lemma?2

Using the same notations as in Lemma 1

_ 29ul |
ly" =y I3 = 12" = 2[R < —Amin(P)N n A A

-13 -
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Lemmal

From the minimizer z*, define the fixed points z* = y* = Q (z* — yV f (z*))
of the sequences (y*) and (2*). Then

E[ll2" — 22| 7" = 1570 = 2l + lly® = y*lle — 12" = 27IIB,

where F* = o({G,},<k) is the filtration of the past random subspaces.

Lemma?2 Identification!

Using the same notations as in Lemma 1

_ 29ul |
ly" =y I3 = 12" = 2[R < —Amin(P)WrLHZ’“ =23

-13 -
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n—1
T = )\ Z ‘I[Z] — .CC[?;_H]‘
1=1

Fixed variation sparsity = small amount of blocks of equal coordinates.

-14-
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n—1
T = )\ Z \x[z] — .CC[?;_|_1]|
1=1

Fixed variation sparsity = small amount of blocks of equal coordinates.

Projection on such set

/ \ 7 -\ Y
L. L 9 0
ni ni
-. . nl
1 1
vy ng 0
Pe — 0 0
' 0 0
1 1
0 n—n o n—n
: . ’I’L—TLS
0 0 1 1
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Algorithm 2 Adaptive Randomized Proximal Subspace Descent - ARPSD

Initialize 29, z! = proxvg(Qal(zo)), ¢=0,L={0}.
for k=1,... do
Y = Q¢ (a% =V [ (2))
28 = Per (y¥) + (I — Per) (2771)
P4 = prox, (@ (1))
if an adaptation is decided then
L+—LU{k+1}, 0 0+1
Generate a new admissible selection
Compute Q; = P, 2 and Q, "
Rescale z* « Qng__llz’”C
end if
end for
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Let us specify ARPSD with the following simple adaptation strategy. We
take a fixed upper bound on the adaptation cost and a fixed lower bound on
uniformity:

1QQZL I3 <a  Awmin(Pe) > A
Then from the rate 1 —a =1 —2vyuLA/(p+ L), we can perform an adaptation

every
c = [log(a); log ((2 - a)/(2 — 20))]
iterations, so that a(l — a)® = (1 — a/2)¢ and k; = Lc.

-16 -



Iterates structural sparsity
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Assumption (on randomness)
For all k > 0, G* is F¥-measurable and admissible. Furthermore, if k& ¢ L,

(&%) is independent and identically distributed on [k, k]. The decision to adapt
or not at time k is F*-measurable, i.e. (k;), is a sequence of F*-stopping times.

17 -



UGA

Université
Grenoble Alpes

Assumption (on randomness)
For all k > 0, G* is F¥-measurable and admissible. Furthermore, if k& ¢ L,

(&%) is independent and identically distributed on [k, k]. The decision to adapt
or not at time k is F*-measurable, i.e. (k;), is a sequence of F*-stopping times.

Theorem (Convergence of ARPSD)

For any v € (0,2/(p + L)], the sequence (z*) of the iterates of ARPSD con-
verges almost surely to the minimizer z* with rate

A 2vulL

k
k+1 * 12
E [[|z" —27])3] < (1 - §m> ¢

where C' = Apax(P)[|2Y — Q(z* — yV f(z*))||3.
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mm—ZE (b;, h(a;,x)) +r(x)

xeR™ M

f(w)
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1
] (b;, h(a;
;rel]%}b QY |Dz| (Ja (ajax)) -|—’I°(£E),
1=1 1€D;
fi
where the full dataset D is split onto M nonintersecting subsets D; and «; is

: | D |
the proportion of examples .
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where the full dataset D is split onto M nonintersecting subsets D; and «; is

: | D |
the proportion of examples .

These subsets D; can be split over machines.
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where the full dataset D is split onto M nonintersecting subsets D; and «; is

: | D |
the proportion of examples .

These subsets D; can be split over machines.

2F = g 2P
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Communication
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Pon (yF) + (I — Per) (7 7) .



Z

ko —

1

UGA

Université
Grenoble Alpes

1
] (b;, h(a;
;rel]%}b QY |Dz| (Ja (ajax)) -|—’I°(£E),
1=1 1€D;
fi
where the full dataset D is split onto M nonintersecting subsets D; and «; is

: | D |
the proportion of examples .

These subsets D; can be split over machines.

Bottleneck
P Z ozz-zf
i

Master

Pon (yF) + (I — Per) (7 7) .



Z

ko —

1

UGA

Université
Grenoble Alpes

M
1
] (b;, h(a;
;rel]%}b QY |Dz| (Ja (ajax)) -|—’I°(£E),
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where the full dataset D is split onto M nonintersecting subsets D; and «; is

: | D |
the proportion of examples .
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Bottleneck
P Z ozz-zf
i

Amount of subspaces explored

Pon (yF) + (I — Per) (7 7)

Master

~90 -



UCA

Université =
Grenoble Alpes

— Identification based sparsification

! Dmitry Grishchenko, Franck lutzeler, and Massih-Reza Amini. Sparse Asynchronous Distributed
Learning, International Conference on Neural Information Processing 2020.

In the next two parts we consider asynchronous distributed setup where m
observations are split down over M machines, each machine ¢ having a private
subset D, of the examples

M
min F(z) = ;%fz‘(l‘) + A1 f|z1,
1=
with a; = |D;|/m being the proportion of observations locally stored in ma-

chine 4, hence functions (f;) are L-smooth and u-strongly convex.
_91-
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p
Slave M

Computation of

ok
Y Fap (eI

in process.

Konstantin Mishchenko, Franck lutzeler, Jérome Malick, and Massih-Reza Amini. A Delay-
tolerant Proximal-Gradient Algorithm for Distributed Learning, International Conference on

Machine Learning, 3584-3592
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! Konstantin Mishchenko, Franck lutzeler, Jérome Malick, and Massih-Reza Amini. A Delay-
tolerant Proximal-Gradient Algorithm for Distributed Learning, International Conference on
Machine Learning, 3584-3592 ~99.
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( Master
| am going to ignore
zk — k=1 4 o, ak messages that are
LI Prox. . |-l (@F) twice longer than minel
.
oA K
xko. :A | always send an
Py ° extended answer
PY ° but their reaction is
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! Konstantin Mishchenko, Franck lutzeler, Jérome Malick, and Massih-Reza Amini. A Delay-
tolerant Proximal-Gradient Algorithm for Distributed Learning, International Conference on
Machine Learning, 3584-3592 ~99.
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Random sparsificaiton with p = (p1,..,pn) € (0, 1]™.

Plj €Sk =p; >0 forallje{l,.,n}
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Random sparsificaiton with p = (p1,..,pn) € (0, 1]™.

Plj €Sk =p; >0 forallje{l,.,n}

e p is an arbitrary probability vector.
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As:

Random sparsificaiton with p = (p1,..,pn) € (0, 1]™.

Plj €Sk =p; >0 forallje{l,.,n}
e p is an arbitrary probability vector.

e p is a m-uniform probability vector.
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As:

Random sparsificaiton with p = (p1,..,pn) € (0, 1]™.
Plj €Sk =p; >0 forallje{l,.,n}
e p is an arbitrary probability vector.
e p is a m-uniform probability vector.

e p is a w-priority random vector w.r.t. some point x

P [j . Sfr] _ {1 if je supp(x),

7 otherwise.
~93.-
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Assumption (on randomness)

The sparsity mask selectors (S’;) are independent and identically distributed
random variables. We select a coordinate in the mask as follows:

Plj €S =p; >0 forallje{l,.,n},

with p = (p1,..,pn) € (0,1]™.

_9Y .
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Assumption (on randomness)

The sparsity mask selectors (S’;) are independent and identically distributed
random variables. We select a coordinate in the mask as follows:

Plj €SEl=p; >0 forallje{l,.,n},

with p = (p1, .., pn) € (0, 1]™.

heorem (Limits of sparsification)

Take v = MJ%L, then SPY verifies for all k € [k, kma1)

2 m
]EH:I;’“—:I:*H2§ ( max(l_’ip> +1pmin> m;&xHx?—fo?

1+ kp

with the shifted local solutions x¥ = z* — v,V f;(*).
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random variables. We select a coordinate in the mask as follows:
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Assumption (on randomness)

The sparsity mask selectors (S’;) are independent and identically distributed
random variables. We select a coordinate in the mask as follows:

Plj €SEl=p; >0 forallje{l,.,n},

with p = (p1, .., pn) € (0, 1]™.

Theorem (Limits of sparsification)
Take v = then SPY with m-uniform sampling verifies for all £ &

[km7 km—l—l)

_2
p+L?

m
E o — o |° < (1 _ W—F) max |20 — 27|
7

with the shifted local solutions x} = x* — v,V fi(x*).




Assumption (on randomness)

The sparsity mask selectors (S’;) are independent and identically distributed
random variables. We select a coordinate in the mask as follows:

Plj €S =p; >0 forallje{l,.,n},

with p = (p1,..,pn) € (0,1]™.

Limits of sparsification

SPY reaches linear convergence of the mean squared error in terms of epochs
if
2

Pmin (1 )2 ’7:§+L (1 — Rp ) ?
> — .
Pmax lis N 1 + Kp
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p is m-priority random vector w.r.t. the current iterate point z*

1 .f. k:
P [j c Siﬂ _ { if je supp(x”),

7 otherwise.

~96 -



Experiments: Adaptive Selection UUC?/A\

Grenoble Alpes

p is m-priority random vector w.r.t. the current iterate point z*
, 1 if je supp(zh),
P [] c Sﬂ _ { J pp(z”)

7 otherwise.

This selection is not i.i.d.!
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p is m-priority random vector w.r.t. the current iterate point z*

p [ c Sk’} _J1 ifje supp(xF),
=27l T 1 otherwise.

This selection is not i.i.d.!

If support is fixed the selection is i.i.d.!
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It is better if it converges, but it can diverge!
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— Reconditioned sparsification

! Dmitry Grishchenko, Franck lutzeler, Jérome Malick, and Massih-Reza Amini. Distributed
Learning with Automatic Compression by Identification, Submitted to SIMODS.
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Adaptive mask selection can be used safely only for well-conditioned
problems.
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Adaptive mask selection can be used safely only for well-conditioned
problems.

Proximal reconditioning

Ill-conditioned problem Well-conditioned problem

Accelerated proximal reconditioning

1 A. Ilvanova D. Pasechnyuk, D. Grishchenko, E. Shulgin, A. Gasnikov, V. Matyukhin. Adaptive
catalyst for smooth convex optimization. Submitted to OMS.

! Lin, Hongzhou, Julien Mairal, and Zaid Harchaoui A universal catalyst for first-order
optimization. Advances in neural information processing systems. 2015.
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Adaptive mask selection can be used safely only for well-conditioned
problems.

Proximal reconditioning

Ill-conditioned problem Well-conditioned problem
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i-th worker NEW function: h;, = f; + £|| - —x¢||3, where £ corresponds to
the outer loop.
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i-th worker NEW function: h;, = f; + £|| - —x¢||3, where £ corresponds to
the outer loop.

_|_
K:u (Z mp:%).
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i-th worker NEW function: h;, = f; + £|| - —x¢||3, where £ corresponds to
the outer loop.

L+p ="
New problem
- p
prox;y, () = argmin 3 aifi(a) + Mzl +5 o — 1],
reR™ i—1
=F(x)
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i-th worker NEW function: h;, = f; + £|| - —x¢||3, where £ corresponds to
the outer loop.

L+p ="
New problem
= 1%
proxp,(z¢) = argmin Y o fi(x) + Mllly +5 1z — 23.
zeR™ o 2
Outer loop :1?(:1;)
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Initialize z1, n > ¢ > 0, and ¢ € (0,1).

L — 1—/m—
Setp:ff 'uandfye 0, ——— Withm:—ﬁ&;ﬂzganda
— w+ L+ 2p 1+Vm—« n

while the desired accuracy is not achieved do
Observe the support of x,, compute py as

Pje = e -= min (|nu11(mz)| ) 1) if [xﬁ]j =0 for all ] € {1, PP ?’L}
1 if [l‘g]j 75 0

Compute an approximate solution of the reconditioned problem with I-SPY

M
Ts1 & Proxy, (o) = argmin > ac (i) + Sz = ael) +r(a)
(EER” 1=1 A S J

g

hi¢(x)

with p, and x, as initial point. Stopping criterion is fixed budget

log( 2ptp )
M, = (1 +6)log(¢) + (19 epochs.

log (m) log (m)

end -29 -
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Initialize z1, n > ¢ > 0, and ¢ € (0,1).

L— 1 —+/m—
Setp:ff 'uandfye 0, ——— Withm:—ﬁ&;ﬂzgandazi.
— uw+ L+ 2p 14+ Vm—« n 2n
while the desired accuracy is not achieved do D 1S W—priority random vector w.r.t. Ty

Observe the support of x,, compute py as

Pje = e -= min (|nu11(mz)| ) 1) if [xﬁ]j =0 for all ] € {1, PP ?’L}
1 if [l‘g]j 75 0

Compute an approximate solution of the reconditioned problem with I-SPY

M

Tep1 N Proxp,,(re¢) = argmin Zai (fz(x) + g”x — 964||§> +r(x)
zER™ =1 A J

g

hi¢(x)

with p, and x, as initial point. Stopping criterion is fixed budget

log( 2ptp )
M, = (1 +6)log(¢) + (19 epochs.

log (m) log (m)

end -29 -




UGA

Université

Initialize z1, n > ¢ > 0, and ¢ € (0,1).

Set p =

while the desired accuracy is not achieved do
Observe the support of x,, compute py as

end

kL —

1l —+v/m—« c
T T =
l14++vm—« n

a and v € (O with k =

’u+L+2p]

Pje = { e -= min (|nu11(mz)| ) 1) if [xﬁ]j =0 for all ] € {1, .. .,?’L}.

1 if [l‘g]j 75 0

Compute an approximate solution of the reconditioned problem with I-SPY

M
Ts1 & Proxy, (o) = argmin > ac (i) + Sz = ael) +r(a)
(EER” 1=1 A S J

g

hi¢(x)

with p, and x, as initial point. Stopping criterion is fixed budget

log( 2ptp )
M, = (1 +6)log(¢) + (19 epochs.

log (m) log (m)
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p is m-priority random vector w.r.t. xy

linearly converges
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Initialize z1, n > ¢ > 0, and ¢ € (0,1).

kL —

Set p = 'uandfye(o

’u+L+2p]

while the desired accuracy is not achieved do
Observe the support of x,, compute py as

1

M

Tep1 N Proxp,,(re¢) = argmin

zeR™ i=1

with x =

¢ := min (7|nullc(mz)| : 1) if [xe];

if [:L‘g]j

> o (fiw) + Gl = wel3) +r(a)

.

Grenoble Alpes

1l —+v/m—« c d c
——— 1t =—and a = —
l+Vm—« n 2n

p is m-priority random vector w.r.t. xy

=0

for all j € {1,...,n}.
#0

Compute an approximate solution of the reconditioned problem with I-SPY

linearly converges

identification (inner)

7

(1 + 5)log(f) log

g

hi¢(x)

with p, and x, as initial point. Stopping criterion is fixed budget

2pu+p
(1-6)p

(225)

M,

) " os

log ( L

l—a+t+m—my

end

l—atm—my

; epochs.

)
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Initialize z1, n > ¢ > 0, and ¢ € (0,1).

L— 1 —+/m—
Setp:ff 'uandfye 0, ——— Withm:—ﬂ&m:ganda:i.
— uw+ L+ 2p 14+ Vm—« n 2n
while the desired accuracy is not achieved do D 1S W—priority random vector w.r.t. Ty

Observe the support of x,, compute py as

Pje = e -= min (|null(mz)| ) 1) if [xﬁ]j =0 for all ] € {1, PP ?’L}
1 if [:L‘g]j 75 0

Compute an approximate solution of the reconditioned problem with I-SPY

. : . linearly converges
linearly converges to the optimal pdint Y 9
Tr ~ Proxyy, (o) = argmin 9 > o (£:@) + Gl = el3) +r(2) identification (inner)

hi¢(x)

with p, and x, as initial point. Stopping criterion is fixed budget

log( 2ptp )
M, = (1 +9)log(¢) + (19 epochs.

log (l—a—:ﬂ'—ﬂ”g) log (l—a—f}ﬂ'—ﬂ'[)

end -29 -
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Initialize z1, n > ¢ > 0, and ¢ € (0,1).

L— 1 —+/m—
Setp:ff 'uandfye 0, ——— Withm:—ﬂ&m:ganda:i.
— uw+ L+ 2p 14+ Vm—« n 2n
while the desired accuracy is not achieved do D 1S W—priority random vector w.r.t. Ty

Observe the support of x,, compute py as

Pje = e -= min (|null(mz)| ) 1) if [xﬁ]j =0 for all ] € {1, PP ?’L}
1 if [xe]j 75 0

Compute an approximate solution of the reconditioned problem with I-SPY

. : . linearly converges
linearly converges to the optimal pdint Y 9
To ~ Proxyy,(ve) = argmin 9 > o (£:@) + Gl = el3) +r(2) identification (inner)

hi¢(x)

identification (global)

with p, and x, as initial point. Stopping criterion is fixed budget

log( 2ptp )
M, = (1 +9)log(¢) + (19 epochs.

log (l—a—:ﬂ'—ﬂ”g) log (l—a—f}ﬂ'—ﬂ'[)

end -29 -




Experiments: Different Budget
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Iteration
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Suboptimality
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1044

107% 4

b

= DAve-PG
=+ Reco-I-5PY, (50,n)

9

-

200000

400000 00000 BOO0000 1000000 1200000 1400000

Exchanges

Lasso problem on synthetic data, M = 10 machines

| Az + b]|3 + M|z
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— DAve-PG — DA we-PG
0.28 o Reco--SPY; (50:1) . 50+ Reco|-SPY; (50:1)
e Reco-l-SPY; (100;1) 107 4 s Recol-SPY; (100;1)
0.26 4 - Reco--SPY; (200;1) -at#- Reco-l-SPY; (200:1)
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Logistic regression with elastic net regularizer on rcvl_train dataset (n =
47236 m = 20242) and M = 10 machines.

min — » log(1l iz A
2ER" mz1 og(1+exp(—y;z; x)) + Arflzl, + 9 [P
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10¢ 104
= DAwe-PG — DA we-PG
= Reco-1-5PY; (50;1) s 58- Recol-5PY; (50;1)
iy Reco--SPY; (104;1) 10 a0 Reco|-5PY; (100;1)
Reco-I-SPY; (200;1) .we Reco|-SPY; (200;1)
10-2 Reco--5PY; (500;1) S «se Reco|-SPY (500;1)
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Logistic regression with elastic net regularizer on rcvl_train dataset (n =
47236 m = 20242) and M = 10 machines.
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2ER" mz1 og(1+exp(—y;z; x)) + Arflzl, + 9 [P
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+ An identification-based sparsification.
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+ An identification-based sparsification.
+ Subspace descent algorithm for arbitrary regularized problem.

+ Asynchronous algorithms with sparse communications.

2 Investigate (non)convex case.
> Accelerated versions.

- Combination with other sparsification techniques.
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Consider the set of artificial jumps & = {ni,nq,...,n;_1} and denote by
R =1{i ¢S :[Su(®)]; = 0} the set of possible random entries. Fix the
amount of sampled elements s and sample “first” element Ry uniformly in R =
{Ri}1<i<r. Select “first s” elements starting from Ry considering the cyclic
structure of the list of elements (R,11 = R1).

If [ is small enough, it will not change the sparsity property of the ran-
dom projection Pgr; however, this modification will force all the projections to
be block-diagonal with blocks’ ends on positions nq,...n;_1. In contrast with
jumps(z*) that we could not control, by adding ! artificial jumps, we could guar-
antee that each block of the Pgr has at most [n/l] rows. Since every random
projection has end of the block on positions {n;},..., ;. P¢ also has such block

structure and we could split the computation of Q;l and Qg into [ independent
parts and could be done in parallel.
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(non-adaptive) subspace adaptive subspace descent
descent RPSD ARPSD
Subspace family C={C,....C:}
Sk Lk - Lk
F= Q] ()
Algorithm 2 = P (yk) + (I — Pgi) (zg"_l)

P = prox,, (@ ()

C; € {55‘ with pml;-dhilih-'

Option 1 ty
C; € &% with probability p p ifa* e Mi e [Sm(")i=0
- 1 elsewhere

Selection _ , ,
Hdmple s elements 11111ﬂ';~r111h' in
N Sample s elements Ci:abeMijie [S 0
Option 2 E { "' [Sm(a*)]; = 0}
d[ld add all [—‘l[—‘[lll—‘[lf‘a in

uniformly in C {C; - a* ¢ M ie [Spu(zb)]; =1}




1”'[]' Sl

m—* -

Ity

”—f} 2]

- Suboptimali
—_—

m—‘} =

——1 ARPSD

152
0

1 2 3 4
Number of Subspaces explored-10°

10°

Ity

ur

”—f}

- Suboptimali
—_—

m—‘}

10~12

—20% ARPSD

0

1

2
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4

Number of Subspaces explored-10°
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Logistic regression with elastic net regularizer on rcvl_train dataset (n =
47236 m = 20242).

rER™ :
g=1

R i A2 12
min EZlog(l—kexp(—yjz;x)) + A ||z||, + 7||$||2



Worker

Initialize z; = 2] = 2 = 7"

Calculate scaled probability vector ¢ = (p;% *”;% . *”;&)
TL

while not interrupted by master do
Receive x from master
Draw sparsity mask S, as
Plj €Sy =p,
2 ]s, < [als, * [z = 7V fi(2)]s, + [1" = qls, = [2i]s,”
A+ af —a;
Send [A]g, to master
[zi]s, + [a]]s,
end

“Here we denote by 1™ € R™ the identity vector and by * we denote
the coordinate-wise vector-to-vector multiplication.
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Why not SGD

100

80 -

60 1

in the support

404 F
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ordina

S 20

0 200

Prox GD

Synthetic LASSO problem min

400 600
Iterations
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Prox SGD (minibatch of size 10)

s[Az — b||3 + A1||z |1 for random generated

matrix A € R9X100 and vector b € R and hyperparameter \; chosen to
reach 15% of density (amount of non-zero coordinates) of the final solution.
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Another way to define the non-degeneracy for the problem

min f(z) +r(z)

is the following:

Vf(x*)erior(z”).

In case of ¢; regularizer r(z) = A ||z||; this can be written explicitly as

‘Vf(:v*)[j]’ < A1 for all j € supp(x™).
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C, (absolute accuracy): Run I-SPY until it finds x,,, such that

(1—0)p
(2p + p)ito

[zes1 — PTUKF;,@(IE)H% < e — PI'UKF;,@(IE)Hg-

Cy (relative accuracy): Run I-SPY until it finds x,,; such that

P
20 + p)e2+2o

i1 = proxey, (zolf < 1 [P}
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Synthetic LASSO problem min 3||Az — b||3 + A1 ]|z||1 for random generated
matrix A € R10000x1000 31d vector b € R0 and hyperparameter \; chosen
to reach 1% of density (amount of non-zero coordinates) of the final solution.
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Exchanges

Synthetic LASSO problem min || Az — b||3 + A1 ||z||; for random generated
matrix A € R0000x1000 and vector b € R1090 and hyperparameter \; chosen
to reach 1% of density (amount of non-zero coordinates) of the final solution.
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